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ON THE DIFFERENCE EQUATION xn+1 = α+ x
p
n
xpn−1
MARWAN ALOQEILI
Abstract. We study, firstly, the dynamics of the difference equation xn+1
= α+ x
p
n
xpn−1
, with p ∈ (0, 1) and α ∈ [0,∞). Then, we generalize our results
to the (k + 1)th order difference equation xn+1 = α + x
p
n
xpn−k
, k = 2, 3, ...
with positive initial conditions.
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1. Introduction
Our aim in this paper is to study the asymptotic behaviour of the rational
difference equation
xn+1 = α+
xpn
xpn−k
(1)
where p ∈ (0, 1), α ∈ [0,∞), x−k, x−k+1, ..., x0 ∈ (0,∞) and k ∈ {1, 2, ...}. In
the first part of this article, we consider the second order difference equation
xn+1 = α+
xpn
xpn−1
(2)
where p ∈ (0, 1), α ∈ [0,∞), and x−1, x0 ∈ (0,∞). Then, we generalize our
results to the (k + 1)th order case.
In [3], Devault et al studied the dynamics of the difference equation
yn+1 = A+
yn
xn−1
where y−1, y0, A ∈ (0,∞). After that, the results obtained in [3] were generalized
to the (k + 1)th order case by Abu-Saris and Devalut [1]. The authors in [1]
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studied the asymptotic behavior of the difference equation
yn+1 = A+
yn
yn−k
where y−k, y−k+1, ..., y0, A ∈ (0,∞) and k ∈ {2, 3, ...}. More related difference
equations were studied in [2], [4] and [6].
Recently, El-Owaidy et.al. [5] and Stevic [7] studied the dynamics of the
difference equation
xn+1 = α+
xpn−1
xpn
where, in [5], it is assumed that α ∈ [0,∞) and p ∈ [1,∞) with positive initial
conditions while in [7], all parameters are nonnegative real numbers. We now
introduce some preliminary definitions and results.
Definition 1. A solution {xn} of a difference equation is called bounded and
persists if there exist positive constants P and Q such that
P ≤ xn ≤ Q for n ≥ N
for some positive integer N .
Definition 2. The equilibrium point x¯ of the equation
xn+1 = f(xn, xn−1, ..., xn−k), n = 0, 1, ... (3)
is the point that satisfies the condition x¯ = f(x¯, x¯, ..., x¯).
Definition 3. A positive semi-cycle of a solution {xn} of Eq.(3) consists of a
“string” of terms {xl, xl+1, . . . , xm}, all greater than or equal to the equilibrium
point x¯, with l ≥ −k and m ≤∞ and such that
either l = −k, or l > −k and xl−1 < x¯
and
either m =∞, or m <∞ and xm+1 < x¯.
A negative semi-cycle of a solution {xn} of Eq.(3) consists of a “string” of
terms {xl, xl+1, . . . , xm}, all less than the equilibrium point x¯, with l ≥ −k and
m ≤ ∞ and such that
either l = −k, or l > −k and xl−1 ≥ x¯
and
either m =∞, or m <∞ and xm+1 ≥ x¯.
The first semi-cycle of a solution starts with the term x−k and is positive if
x−k ≥ x¯ and negative if x−k < x¯.
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Theorem 1 (The linearized stability theorem). Assume that P,Q ∈ R. Then
a necessary and sufficient condition for the asymptotic stability of the equation
xn+1 + Pxn +Qxn−1 = 0
is that |P | < 1 +Q < 2.
Consider the following (k + 1)th order linear difference equation
zn+1 − bzn + bzn−k = 0. (4)
Lemma 1. Assume that b > 0 and k ∈ {1, 2, 3, ...}. Then Eq.(4) is asymptoti-
cally stable if and only if
b < 1
2 cos(pi/(k + 2))
2. The main results
The unique positive equilibrium of Eq.(2) is x¯ = α+1. The linearized equation
of Eq.(2) is
zn+1 −
p
α+ 1
zn +
p
α+ 1
zn−1 = 0
and the characteristic equation associated with the linearized equation is
λ2 − p
α+ 1
λ+ p
α+ 1
= 0.
The following result easily follows from the linearized stability theorem.
Theorem 2. Consider Eq.(2). Then the following statements are true:
(a) The equilibrium point x¯ = α + 1 is locally asymptotically stable if α >
p− 1.
(b) The equilibrium point x¯ = α+ 1 is locally unstable if 0 ≤ α ≤ p− 1.
Consider the following (k + 1)th order difference equation
xn+1 = α+ f
(
xn
xn−k
)
(5)
where x−k, x−k+1, ..., x0 > 0, α ∈ [0,∞) and k ∈ N.
Lemma 2. Consider Eq.(5). Assume that f is nonnegative, strictly increasing
and f(1) = 1. Under these conditions, this equation has no nontrivial periodic
solution of period k.
Proof. Assume that ..., p1, ..., pk, ... is a periodic solution with (not necessarily)
prime period k. It follows that xn = xn−k and then we have xn+1 = α+ f(1) =
α+ 1 for all n. 
The next theorem gives full characterization of semicycle behavior of Eq.(2)
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Theorem 3. Assume that p ∈ (0, 1). Let {xn} be a nontrivial solution of Eq.(2).
Then the following statements are true:
(a) The solution {xn} oscillates about the equilibrium x¯ = α+ 1 with semi-
cycles of length two or three.
(b) The extreme in a semicycle occurs in the first or second term.
(c) Every solution of Eq.(2) is bounded and persists. More precisely, there
exists a number N such that
α < xn < α+
(
1 +
1
α
(
α+ 1
α
)p)p
, ∀n ≥ N.
Proof. We follow the lines of the proof of lemma 1 in [3]. We consider only the
case of a positive semicycle. The case of a negative semicycle is similar and is
omitted. Assume that xN−1 < x¯ and xN ≥ x¯. Then
xN+1 = α+
(
xN
xN−1
)p
> α+ 1 = x¯.
If xN+1 ≥ xN , then
xN+2 = α+
(
xN+1
xN
)p
> α+ 1 = x¯.
Also,
xN+2 = α+
(
xN+1
xN
)p
≤ α+
(xN+1
x¯
)p
≤ α+
xN+1
x¯
< xN+1.
Therefore, x¯ < xN+2 < xN+1. It follows that
xN+3 = α+
(
xN+2
xN+1
)p
< α+ 1 = x¯
and the positive semicycle has length three. On the other hand, if xN+1 < xN ,
then
xN+2 = α+
(
xN+1
xN
)p
< α+ 1 = x¯
and the positive semicycle has length at most three, with length equal to two
unless xN+1 = xN .
Statement (c). Let xN be the first term of a positive semicycle. Then α <
xN−1 < x¯ and α < xN−2 < x¯,
xN = α+
(
xN−1
xN−2
)p
< α+
(
α+ 1
α
)p
< α+
(
1 +
1
α
(
α+ 1
α
)p)p
.
Similarly,
xN+1 = α+
(
xN
xN−1
)p
= α+


α+
(
xN−1
xN−2
)p
xN−1


p
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= α+
(
α
xN−1
+
1
xN−1
(
xN−1
xN−2
)p)p
< α+
(
1 +
1
α
(
α+ 1
α
)p)p
.
The proof is complete. 
It follows from theorem 3 that every positive solution of Eq.(2) is oscillatory
and therefore Eq.(2) has no solution that consists of a single semicycle.
The following theorem establishes the global asymptotic stability of the pos-
itive equilibrium x¯ = α + 1 when α ∈ (0, 1). The proof of this theorem is the
same as that of corollary 2 in [7] and is omitted.
Theorem 4. Let p ∈ (0, 1), α ≥ 1. Then every positive solution of Eq.(2)
converges to x¯ = α+ 1.
Remark 1. When α = 0, then using the change of variable yn = lnxn, Eq.(2)
can be transformed into the following second order linear difference equation
yn+1 − pyn + pyn−1 = 0. (6)
The characteristic equation associated with this equation is
λ2 − pλ+ p = 0
with eigenvalues λ1,2 =
p±
√
p2 − 4p
2
. Three cases arise:
• The characteristic equation has two distinct real eigenvalues if p > 4. In
this case, the general solution to Eq.(6) is
yn =
λ2y−1 − y0
λ2 − λ1
λn+11 +
y0 − λ1y−1
λ2 − λ1
λn+12 .
• The characteristic equation has one repeated real eigenvalue λ1 = λ2 = 2
if p = 4. In this case, the general solution to Eq.(6) is
yn = (n+ 1)2ny0 − n2n+1y−1.
• The characteristic equation has two complex conjugated eigenvalues with
modulus |λ| = |λ¯| = √p if p < 4. In this case, the general solution to
Eq.(6) is
yn = Cp
n
2 cos(nθ − β).
for some constants C and β that depend on the initial conditions
y−1, y0. Notice that the solution is bounded in this case if p < 1.
3. The (k + 1)th order case
In this section, we we consider the (k + 1)th order difference equation
xn+1 = α+
xpn
xpn−k
(7)
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where k ∈ {2, 3, ...}. The linearized equation of Eq.(7) is
zn+1 −
p
α+ 1
zn +
p
α+ 1
zn−k = 0.
The following result follows from lemma 1.
Theorem 5. The equilibrium point x¯ = α + 1 of Eq.(7) is locally stable if and
only if
α > 2p cos
(
pi
k + 2
)
− 1.
In the next theorem, we give results that establish the semicycle behaviour
and boundedness character of solutions of Eq.(7).
Theorem 6. Suppose that α ≥ 1, p ∈ (0, 1). Let {xn} be a solution of Eq.(7).
Then, the following statements are true:
(a) Every semicycle has at most 2k + 1 elements.
(b) The extreme term in a semicycle occurs in the first k + 1 terms.
(c) The solution is bounded and persists.
Proof. Statement (a). We prove for the case of a negative semicycle. The case
of a positive semicycle is similar and is omitted. Let xN be the first term of a
negative semicycle which has 2k + 1 terms. Let
xN , xN+1, ..., xN+2k < α+ 1.
It’s true that
xN+2k > xN+2k−1 > xN+2k−2 > ... > xN+k
since for i = 1, 2, ..., k,
xN+k+i = α+
xpN+k+i−1
xpN+i−1
> α+
xN+k+i−1
xN+i−1
> α+
xN+k+i−1
(α + 1)
> xN+k+i−1
where the first inequality follows from the fact that, for i = 1, 2, ..., k,
xN+k+i−1
xN+i−1
< 1 since α+ 1 > xN+k+i = α+
xpN+k+i−1
xpN+i−1
.
It follows that
xN+2k+1 = α+
xpN+2k
xpN+k
> α+
xpN+k
xpN+k
= α+ 1.
Its clear from this proof that the extreme term in each semicycle occurs in
the first k + 1 terms, and that every solution oscillates about the equilibrium
x¯ = α+ 1.
Proof of statement (c). It’s clear that xn > α. Now, consider the change of
variable yn = xpn. Then, Eq.(7) can be rewritten as
yn+1 =
(
α+ yn
yn−k
)p
< α+ yn
yn−k
.
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It follows that, for i = 1, 2, 3, ...
yi
yi−1
< α
yi−1
+
1
yi−k−1
.
But,
yn =
(
α+ yn−1yn−2yn−3...yn−k+1yn−k
yn−2yn−3yn−4...yn−kyn−k−1
)p
<
(
α+
(
α
yn−2
+
1
yn−k−2
)(
α
yn−3
+
1
yn−k−3
)
...
(
α
yn−k−1
+
1
yn−2k−1
))p
.
If n ≥ 2k+ 2, then all of the terms yn−2k−1, ..., yn−2 are larger than αp. There-
fore,
yn <
(
α+
(
1 + α
αp
)k)p
.
It follows that
α < xn < α+
(
1 + α
αp
)k
∀n ≥ 2k + 2.
This completes the proof. 
The following theorem shows that the unique positive equilibrium x¯ = α+ 1
of Eq.(7) is globally stable. The proof of this theorem is the same as that of
corollary 2 in [7] and is omitted.
Theorem 7. Let p ∈ (0, 1), α ≥ 1. Then every positive solution of Eq.(7)
converges to x¯ = α+ 1.
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